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INTRODUCTION 
There has been much effort devoted to modeling wave propagation and scattering in iso-
tropic materials [1]. Most of these efforts have employed finite difference techniques to com-
pute the time evolution of the wave field in materials with scatterers. The forward problem is 
important in improving and understanding ultrasonic testing methods. It is also important for 
solving the inverse problem of determining the material and flaw properties from the scatter-
ing data [2]. 
Finite-element methods have also been used to model elastic or ultrasonic wave propaga-
tion in isotropic media [3]. In addition this technique has also been used for modeling wave 
propagation in homogeneous orthotropic materials such as composites with or without de-
fects, such as cracks and inclusions [4-5]. In these simulations. the detailed structure of the 
composite is not modeled but only larger defects. These models typically employ about 6000-
7500 elements and use about 8-9 nodes per wavelength for reasonable accuracy. 
Since composite materials are inherently anisotropic and heterogeneous. they offer a chal-
lenge for simulating wave propagation. In this article. a graphite/epoxy composite is modeled 
with the fine structure of the graphite fiber regions embedded in the epoxy matrix. This is ac-
complished by using a method which models sharp interfaces (occurring at the interfaces be-
tween the graphite fiber and epoxy regions). The wave propagation through this 
heterogeneous material is compared to propagation through the same material but using elas-
tic moduli derived from a homogenization theory [10]. This is to test the validity of homog-
enization theory for use in wave propagation simulation in composites. 
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NUMEruCALSTIMULATION 
The numerical simulation of ultrasonic wave propagation employed in this article has been 
used primarily for heterogeneous isotropic solids, but may also be used for heterogeneous 
orthotropic media. Delsanto et al. [6,9] have derived a rigorous formulation that imposes con-
tinuity of stresses and displacements at the crosspoint of four homogeneous quadrants, each 
with different orthotropic elastic constants. The isotropic case is simply a subset of the ortho-
tropic case. The method is based on a local interaction simulation approach (LISA) which dif-
fers from standard finite difference mainly in the treatments of boundary conditions at 
interfaces. In this regard, the physical properties of the adjoining materials are allowed to be 
discontinuous, and a matching of the displacements and stresses is performed at interfaces. 
This procedure gives rise to iteration equations for the displacements which are valid at every 
gridpoint, including boundaries between different materials and free surfaces. Since these 
equations have the same form at every gridpoint and involve only nearest neighbors, they are 
well suited for parallel computation. A description of this parallel computation and results in 
the form of computed images, for cases involving scattering from cracks, voids and inclu-
sions may be found in Ref. [7,8]. Using parallel processing, a computational grid of 
1024 x 1024 may be updated about every 10 ms on a 256 processor node CM-5 (manufac-
tured by Thinking Machines) with 1024 vector units. 
Using the LISA method, wave propagation through either homogeneously orthotropic or 
heterogeneously orthotropic materials may be modeled. Relatively large gridsizes of 
1024 x 1024 are employed to span enough wavelengths and contain enough graphite regions. 
To create damping or sponge regions at the edges of the computational grid a damping term 
proportional to the velocity is added to the difference equations. These absorbing regions are 
100 gridpoints wide with exponentially viscous damping; they are used along both sides and 
the far edge of the computational grid to damp out reflecting waves which would otherwise 
corrupt the wavefield of interest. 
HOMOGENIZATION OF THE COMPOSITE 
The homogenization theory employed here is due to A.H. Nayfeh [10] and is only briefly 
described here. The circular fibers are approximated by square ones with the same volume 
fraction. Confidence in this approximation is supported by experiments. Using square fibers 
means that the properties belonging to the x2 direction are interchangeable with those corre-
sponding to the x3 direction (figure 1). A building block approach using layers is used to ar-
rive at the final results. First, a layered structure consisting of a periodic array of two 
alternating laminae of fiber and matrix (each layer is assumed to be isotropic) is stacked in 
the x2 direction. An averaging of the components of the stresses and strains is performed in 
each of the two layers over their thicknesses. Then using these average stresses and strains, 
compatibility conditions (based on plane strain) and the relative linear volume fractions, the 
effective stresses and strains are derived for the combined layers. (The linear volume fractions 
are used in a rule of mixtures to weight the stresses and strain components in the two layers). 
The effective average stresses and strains are then related to each other in a constitutive equa-
tion. This composite layered structure is shown to be transversely isotropic. The resulting 
compound layer (fiber layer) is then stacked with another isotropic layer (matrix) in a periodic 





Figure 1. Idealized composite with square fibers perodically positioned. 
The same technique of averaging and use of compatibility relations is used for this new lay-
ered structure. Since the properties are interchangeable in the x2 and x3 directions, the results 
for the two directions may be interchanged and then averaged to give the homogenized re-
sults, which are orthotropic. This entire procedure may be used a third time, where both the 
fiber and matrix layers are orthotropic. 
The elastic moduli for the graphite fibers are [10]: 
235. 3.69 3.69 0.0 0 .0 0 .0 
26. 3.32 D.D 0.0 0.0 
c .. = 26.0 0.0 0.0 0.0 (I) IJ 5.52 O.D 0.0 
sym 28.2 D.O 
28.2 
The Cij 's are in Voigt notation in units of 1010 dyneslcm2. The density is 1.79 gmJcm3. 
The Cij values for the epoxy matrix are [10]: 
7.67 3.75 3.75 0.0 0.0 0.0 
7.67 3.75 0.0 0.0 0.0 
Cij = 7.67 0.0 0.0 0.0 (2) 
1.96 0.0 0.0 
sym 1.96 0.0 
1.96 
The epoxy is isotropic with density 1.26 gm/cm3 
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The resulting homogenized graphite/epoxy material with a volume fraction of 67% graph-
ite has Cij values: 
c.. = IJ 
159.22 3.72 3.72 0.0 0.0 0.0 
16.42 3.60 0.0 0.0 0.0 
16.42 0.0 0.0 0.0 
3.44 0.0 0.0 
sym 7.40 0.0 
7.40 
(3) 
The density is 1.6 gmlcm3 for the homogenized graphite/epoxy. The elastic constants are 
computed using the relations given in Ref. 10 for orthotropic fiber layers and orthotropic ma-
trix layers (the matrix is isotropic in this case). These values are for the graphite fibers in the 
Xl direction. To obtain the matrix representation for the fibers in the x2 or the x3 direction, 
general tensor notation is used (as opposed to Voigt notation) and a 90° rotation around the 
appropriate axis is performed to obtain new components. More specifically the S components 
in the rotated coordinate system (denoted by the prime) are obtained by the tensor transfor-
mation 
(4) 
whereforexample(Sllll = CIl ,SIl22 = C12,SI212 = C66,etc.)andthea'sarethedirec-
tion cosines in the rotation matrix. However, in the two dimensional case, only C 11' C 22' C 12 
and C66 are needed. 
HETEROGENEOUS MODEL FOR TIlE COMPOSITE 
As in the homogenization treatment of the composite, the heterogeneous composite is 
highly idealized, in that the fibers are considered to have square cross-sections and form a pe-
riodic array in space. Since the fiber regions are square, they may occupy as little as one cell 
in the computational model. To model circular fibers, more cells would be necessary. To ob-
tain 67% volume fraction (area fraction in 2-D), fiber layers, two rows of cells wide, are al-
ternated with matrix layers, one row of cells wide, over the entire 2-D grid. This is done for 
cases where the fibers are in the plane and are either transverse or parallel to the direction of 
propagation. In the third case, where the fibers are out of plane, the fiber regions appear as 
square regions (each 2 by 2 cells) periodically embedded in the epoxy. These square regions 
occupy 44.5% of the area, equivalent to 44.5% volume fraction. The fiber regions are graphite 
and orthotropic and the matrix is epoxy which is isotropic. The elastic constants used for het-
erogeneous modeling are given in Equations (1) and (2). 
SOURCE WAVE AND DISCRETIZATION 
To test these different models, a pulse consisting of one cycle of a l.0 MHz sinusoid is 
input at one edge of the grid over an aperture of 36 gridpoints. For both the homogenized and 
heterogeneous models, this pulse is propagated through the same size grid (with the same grid 
spacing) and for the same number of time steps (using the same time step), so that the ampli-
tude of the displacement fields can be directly compared. 
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To establish the spatial discretization, the grid spacing is chosen to be 112 the width of a 
graphite region-the smallest structure in the heterogeneous medium. The width of these 
graphite regions is assigned to be 0.0254 mm (111000 of an inch). Since the wavelength is 
much larger than the graphite region (about 11100 of a longitudinal wavelength in the epoxy) 
-a necessary condition for homogenization theory to hold-little scattering occurs. This spac-
ing is also much smaller than the grid spacing based on the usual nodes/wavelength require-
ment, where 10-20 pts.!wavelength in the slowest material are typically used for accuracy. In 
the heterogeneous model, the slowest wave is the shear wave in the epoxy (1.24 mmllls) and 
in the homogenized model it is the quasi-shear wave. Once the grid spacing h is determined, 
the time step At is chosen based on the von Neumann stability criterion for anisotropic ma-
terial: 
(5) 
where em is the maximum wavespeed. In these cases, the maximum velocity is the quasi-
longitudinal wavespeed in the orthotropic graphite regions in the heterogeneous model. For 
the case where the fibers are out of the plane, the maximum velocity is 3.81 mmllls. In the 
other cases, where the fibers are in the plane and either parallel or transverse to the propaga-
tion direction, the maximum velocity is 11.46 mmllls. 
COMPUTATIONAL COMPARISON-HETEROOENEOUS VERSUS HOMOOENIZED 
Graphite/epoxy with the graphite fibers out of the plane is considered first. The heteroge-
neous model consists of approximately 300 x 300 (90,000) square graphite regions each 
2 x 2 cells spaced periodically in the epoxy to give 44.5% fiber volume fraction. The equiva-
lent homogeneous model based on the procedure of Nayfeh [10] is run for the same number 
of time steps on the same size grid. Figure 2a shows the displacement amplitude field after 
1500 time steps (2.82Ils) for the homogenized case. Figure 2b shows the displacement field 
for the heterogeneous model. The two models give the same wavespeedS and amplitudes. 
For the case where the fibers are in the plane and transverse to the propagation direction, 
the heterogeneous model consists of about 300 graphite fiber layers (2 cells wide) alternated 
with matrix or epoxy layers (I cell wide) to give 66.7% volume fraction. The time step is now 
1/3 as large (for stability) as in the previous case because the maximum wavespeed is now 3 
times as great. The homogenized result shown in Fig. 3a looks similar to the heterogeneous 
result in Fig. 3b after 3000 time steps (1.88Ils), with the heterogeneous model giving a slight-
ly higher amplitude. 
Figures 4a and 4b show the results for the displacement fields with the fibers in the plane 
and parallel to the direction of propagation after 1500 time steps (0.94Ils) There are about 
300 layers parallel to the direction of propagation. The heterogeneous and homogenized cas-
es once again give rise to similar looking displacement fields. However, the wavespeeds in 
the homogenized material are somewhat faster at angles away from the propagation direction, 
giving rise to a slightly spatially wider pulse, than the heterogeneous case. 
To determine the scatterer size limits of the homogenization theory, the same cases are 
run, but with the graphite regions now 10 times larger (20 x 20 cells or about 1110 of the lon-
gitudinal wavelength in epoxy). The volume fractions are also kept the same. The wavefields 
(not shown here) are still similar in character, except for some multiple scattering evident. 
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(a) 
Figure 2. Fibers out of plane-(a) homogenized model; (b) heterogeneous model. 
(a) 
Figure 3. Fibers in plane and transverse to propagation direction-(a) homogenized model; 
(b) heterogeneous model. 
la} (b) 
Figure 4. Fibers in plane and parallel to propagation direction-(a) homogenized model; 
(b) heterogeneous model. 
1182 
BILAYER AND LAMINATE CASES 
Once homogenization has been shown to be valid, layers with different orientations maybe 
built up to form a laminate. To illustrate this, first a simple two layer case is computed where 
layer one consists of graphitelepoxy with the tibers out of plane and layer two is graphitel 
epoxy with the fibers in the plane but transverse to the propagation direction ([0/90]). Both 
layers have 65% volume fraction. Figures 5a and 5b show the wavefields at two different time 
steps and show a transmitted wave and small reflected wave from the interface. Since each 
layer is homogenized the grid spacing is dictated by the nodes per wavelength requirement 
(not the size of the fiber regions) for accuracy. This grid spacing is 3.4 times larger than for 
the heterogeneous cases and consequently permits modeling of much larger specimens. 
To model a laminate, many thin homogenized layers, each with 65% volume fraction, are 
stacked in different orientations. Here a graphite/epoxy laminate with a stacking sequence (1) 
tibers out of plane or 0°, (2) fibers out of plane at 45°, (3) fibers out of plane at -45° and (4) 
fibers in plane and transverse to propagation or 90° is modeled. This sequence is repeated 85 
times ([0/451-45/90]85) for a total of 340 laminae. Figures 6a and 6b show the computed 
wavefield after 2000 and 3000 time steps (4.90 and 7.35~s), respectively. The laminate is 
very anisotropic and the wave field exhibits the hybrid nature of the constituent layers. It is 
evident that homogenized elastic constants could be obtained for this periodic laminate. 
Figure 5. Wave field in bilayer (each homogenized) at two different times. 
(b) 
Figure 6. Wavefield in composite laminate (340 layers) at two different times. 
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CONCLUSIONS 
A numerical investigation of elastic waves in orthotropic composite material, namely 
graphite/epoxy was carried out on a massively parallel computer. This was accomplished us-
ing a numerical formulation valid for heterogeneous orthotropic media, where sharp interfac-
es are modeled. To model graphite/epoxy as heterogeneous, approximately 90,000 square 
graphite fiber regions were input into the simulation. Values for elastic moduli, obtained by 
a homogenization theory of Nayfeh, were used to model graphite/epoxy as homogeneous. 
The two treatments yielded very similar wave fields for a low frequency pulse. Also demon-
strated by heterogeneous modeling is that scattering effects begin to appear when the size of 
the graphite regions reached 1110 of the wavelength. A case with 340 layers of having fibers 
at different orientations, showed that homogeneous layers may be stacked to model a lami-
nate. This entire periodic laminate may be homogenized, since the layers are thin with respect 
to the wavelength. 
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